Abstract. It will be shown that for each prime p there is a threshold value k p such that each elementary p-group of rank at least k p admits a non-periodic full-rank factorization. It will be established that k 2 ≤ 15 and k p ≤ 6 for p ≥ 3.
Introduction
We will use multiplicative notation in connection with finite abelian groups. Let G be a finite abelian group. The identity element of G is denoted by e. We define the product of the subsets A 1 , . . . , A n of G by A 1 · · · A n = {a 1 · · · a n : a 1 ∈ A 1 , . . . , a n ∈ A n }.
We say that the product A 1 · · · A n is direct if each a ∈ A 1 · · · A n has a unique representation in the form a = a 1 · · · a n , a 1 ∈ A 1 , . . . , a n ∈ A n .
If a product A 1 · · · A n is direct and is equal to a subset B of G, then the equation B = A 1 · · · A n is called a factorization of B.
A non-empty subset A of G is defined to be periodic if there is an element g of G such that g = e and gA = A. The element g is called a period of A. A factorization G = AB is termed periodic if either A or B is periodic.
A periodic factorization of a finite abelian group can be reduced to a factorization of a smaller group. In order to see how let us consider the factorization G = AB of the finite abelian group G and let us assume that the factor A is periodic. It is a known fact that if A is periodic, then there is a subset C of G and a subgroup H of G such that the product CH is direct and is equal to A. (The subgroup H consists of the identity element e and gives the normalized factorization G = A(Bb Conversely if a subgroup of a finite abelian group have a number of factorizations each of them having a common factor, then one can construct a factorization of the group. Indeed, let H be a subgroup of the finite abelian group G and let b 1 , . . . , b s be a complete set of representatives in G modulo
shows that G = AB is a factorization of G.
Full-rank non-periodic factorizations
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A periodic or nonfull-rank factorization can be reduced to a smaller factorization and we can repeat this procedure until we reach non-periodic full-rank factorizations. Motivated by this observations we are asking how readily non-periodic full-rank factorizations. are available. We will focus our attention to elementary p-groups. We will show that for each prime p there is a threshold value k p such that each elementary p-group of rank at least k p admits a non-periodic full-rank factorization. In particular it will be established that k 2 ≤ 15 and k p ≤ 6 for p ≥ 3.
Odd groups
In this section we will exhibit non-periodic full-rank factorizations for elementary p-groups, where p is an odd prime. First we prove two lemmas. Lemma 1. Let p be an odd prime. An elementary p-group of rank 2n has a full-rank non-periodic normalized factorization for each n ≥ 3. P r o o f. Let p be an odd prime and let n be an integer n ≥ 3. Let G be an elementary p-group of rank 2n with basis elements
Note that the elements of A i form a complete set of representatives modulo H i in x i,1 , x i,2 and so the product A i H i is equal to x i,1 , x i,2 . The cardinalities give that the product is direct, that is,
show that the product AH is equal to G. The cardinalities indicate that the product is direct and so G = AH is a factorization of G. We construct a set B from H by removing the cosets d i H i from H and adding the cosets
The elements d i will be specified later. The next lines
The argument hinges on the fact that
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We try to choose the elements d i such that d i ∈ H and the cosets d i H i to be pair-wise disjoint. Let f be the cyclic permutation 1 2 . . . n − 1 n 2 3 . . . n 1 .
An inspection reveals that the cosets
are pair-wise disjoint and consequently the choice
From this it follows that the sets d i H i A are disjoint. In order to prove the claim assume on the contrary that
≤ n, i = j and let g be an element of the intersection. Now g has the following representations
Since the product HA is direct, from
Using the facts we have collected so far we can establish that the sets bA, b ∈ B form a partition of G and so G = AB is a normalized factorization of G. From
one can see that the union of the sets bA, b ∈ B is equal to G. In fact the sets bA, b ∈ B form a partition of G.
We turn our attention to A , B in the normalized factorization G = AB.
Next we consider the question of periodicity of the factors A, B in the normalized factorization G = AB. If A = A 1 · · · A n is periodic, then by the proof of Theorem 2 of [2] , it follows that some A i is a subgroup of G. But A i is not a subgroup of G. This gives that A is not periodic.
In order to test the periodicity of B let g be an element of G such that gB = B. Set B 1 = B ∩ H and B 2 = B \ H. Clearly B 1 , B 2 form a partition of B and
If g ∈ H, then the computations
show that gB 1 = B 1 and gB 2 = B 2 . Note that the sets
form a partition of B 2 and so the sets
form a partition of gB 2 . Since gB 2 = B 2 , the sets (2) form a partition of B 2 . We compare the partitions. If
for some integers α, β.
. This is not the case. Therefore
This in turn implies that gH 1 = H 1 and so g ∈ H 1 . A similar argument gives that g ∈ H 2 . Thus g ∈ H 1 ∩ H 2 = {e}. This means that B is not periodic in the g ∈ H case. If g ∈ H, then
gives that gB 1 ⊂ B 2 and consequently |B 1 | = |gB 1 | ≤ |B 2 |. From the partition (1) we get that |B 2 | = np. Using this
Therefore p n − np ≤ np or equivalently p n−1 ≤ 2n. Plotting the curves y = 3 n−1 , y = 2n one can see that 3 n−1 > 2n for n ≥ 3. Note that p n−1 ≥ 3 n−1 > 2n and so p n−1 ≤ 2n cannot hold for n ≥ 3. Therefore B is not periodic. This completes the proof.
Lemma 2. Let p be an odd prime. An elementary p-group of rank 2n + 1 has a full-rank non-periodic normalized factorization for each n ≥ 3.
P r o o f. Let p be an odd prime and let n be an integer n ≥ 3. Let G be an elementary p-group of rank 2n + 1 with basis elements
As 
2-groups
This section will contain non-periodic full-rank factorization constructions for certain elementary 2-groups. For the sake of clarity we divided the argument onto three lemmas. Lemma 3. An elementary 2-group of rank 3n has a full-rank, non-periodic normalized factorization for each n ≥ 5. P r o o f. Let n ≥ 5 be an integer. Let G be an elementary 2-group of rank 3n with basis elements
Note that x i,1 , x i,2 , x i,3 = A i H i is a factorization for each i, 1 ≤ i ≤ n. It follows that G = AH is a normalized factorization of G. We construct a set B from H by removing the cosets d i,j H i and adding the cosets d i,j x i,j H i , 1 ≤ i ≤ n, 1 ≤ j ≤ 2. We try to choose the elements d i,j such that d i,j ∈ H and the cosets d i,j x i,1 H i , 1 ≤ i ≤ n, 1 ≤ j ≤ 2 are pair-wise disjoint. First we choose the elements in the n = 5 case, then for larger values of n in a recursive manner. Let the removed and added cosets be the following.
Removed :
Added : Marked by : 
We list the elements of H and mark the elements of the removed cosets.
The result in Table 1 shows that the cosets are indeed pair-wise disjoint.
Therefore there are suitable d 1,1 , d 1,2 , . . . , d n,1 , d n,2 elements in the n = 5 H 00000 01000 [3] 10000 [4] 11000 00001 [1] 01001 [4] 10001 [1] 11001 00010 [5] 01010 [3] 10010 [4] 11010 00011 [5] 01011 [4] 10011 11011 00100 [5] 01100 [3] 10100 11100 00101 [5] 01101 10101 11101 00110 [1] 01110 [3] 10110 [1] 11110 00111 [2] 01111 [2] 10111 [2] 11111 [2] case. There are 2 5 − 5 · 4 = 12 unmarked elements in x 1,3 , . . . , x 5,3 . In the n = 6 case we choose d 6,1 , d 6,2 to be two unmarked nonidentity elements of x 1,3 , . . . , x 5,3 . We mark the four elements of 
are pair-wise disjoint. Further there are 2 6 − 6 · 4 = 40 unmarked elements in x 1,3 , . . . , x 6,3 and so the procedure of choosing the d i,j elements can be continued. There is now a normalized factorization G = AB of G. It can be verified that A = B = G, that is, the factorization G = AB is full-rank. If A = A 1 · · · A n is periodic, then by the proof of Theorem 2 of [2] , some A i is a subgroup of G. But A i is not a subgroup of G. Therefore A is not periodic.
In order to verify that B is not periodic let us consider a g ∈ G for which gB = B. Write B in the form B = B 1 ∪ B 2 , where
If g ∈ H, then gB 1 = B 1 and gB 2 = B 2 . Note that the sets
form a partition of B 2 and the sets
form a partition of gB 2 . As gB 2 = B 2 the sets (4) form a partition of B 2 . Let us compare the two partitions. If
for some integers α, β. We know that g, d 1,1 , x 1,3 , d 2,1 , x 2,3 ∈ H and so it follows that x 1,1 x 2,1 ∈ H. Using the fact that x 1,1 , x 2,1 ∩ H = {e} we can conclude that x 1,1 x 2,1 = e or equivalently x 1,1 = x 2,1 . This is an outright contradiction. Thus
As a consequence only one of the following can hold
for some integers α, β. Using g, d 1,1 , x 1,3 , d 1,2 ∈ H we get the contradiction that x 1,1 x 1,2 ∈ H. So we may assume that
On the other hand we know from the partition (3) that |B 2 | = 4n. This gives 2 n ≤ 8n or equivalently 2 n−3 ≤ n. Plotting curves we get that 2 n−3 > n for n ≥ 6. Thus B is not periodic if n ≥ 6. The n = 5 case can be settled by an inspection of the elements of B.
This completes the proof.
Lemma 4. An elementary 2-group of rank 3n+1 has a full-rank non-periodic factorization for each n ≥ 5.
P r o o f. Let n ≥ 5 be an integer. Let G be an elementary 2-group of rank 3n + 1 with basis elements
Here G = AH is a factorization of G. We construct a set B from H by removing the cosets
from H and adding cosets
to H. If we choose the elements d i,j from H such that the cosets d i,j H i are pair-wise disjoint, then we get a normalized factorization G = AB of G. First we deal with the n = 5 initial case and handle the other cases recursively. The next list contains the removed and added cosets.
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Removed : Added : Marked by :
From Table 2 we can see that the removed cosets are pair-wise disjoint.
We can use the procedure described in the proof of Lemma 3 to choose [2] 01111 [2] 10111 [2] 11111 [2] suitable d i,j elements for n ≥ 6. One can verify that A = B = G in the normalized factorization G = AB. The periodicity of A and B can be handled in a similar way we have seen in the proof of Lemma 3. This completes the proof.
Lemma 5. An elementary 2-group of rank 3n+2 has a full-rank non-periodic factorization for each n ≥ 5.
P r o o f. Let n ≥ 5 be an integer. Let G be an elementary 2-group of rank 3n + 2 with basis elements
to H. We pick the elements d i,j from H such that the cosets d i,j H i are pair-wise disjoint. This in turn guarantees that G = AB is a factorization of G. We work out the n = 5 initial case. The argument then mirrors the proof of Lemma 3. The removed and added cosets with the mark are given below.
Removed : Added : Marked by : [2] 01111 [2] 10111 [2] 11111 [2] P r o o f. Let m ≥ 15 be an integer. There are integers n, k for which m = 3n + k, 0 ≤ k ≤ 2. From m ≥ 15 we get that n ≥ 5. If k = 0, then the sought result follows from Lemma 3. If k = 1, then the result follows from Lemma 4. In the k = 2 case Lemma 5 implies the result.
